Abstract. We study endo nite objects in a compactly generated triangulated category in terms of ideals in the category of compact objects. Our results apply in particular to the stable homotopy category. This leads, for example, to a new interpretation of stable splittings for classifying spaces of nite groups.
Introduction
A CW-complex is said to be endo nite if all stable homotopy groups s n (X) = fS n ; Xg are nite length modules over the ring fX; Xg of stable self-maps of X. In this paper we study CW-complexes having this niteness property. One motivation for this work is to understand stable splittings of certain spaces, for instance the classifying space BG of a nite group G. We shall give an algebraic interpretation of such splittings in terms of certain ideals in the category of nite spectra.
A natural framework for the study of endo nite objects are compactly generated triangulated categories. Thus we consider a triangulated category C, for example the stable homotopy category, which has arbitrary coproducts and is generated by a set of compact objects (an object X in C is compact if the representable functor Hom(X; ?) preserves coproducts). An object X in C is said to be endo nite if the group Hom(C; X)
is a nite length module over the endomorphism ring End(X) for all compact objects C in C. This niteness condition has a number of interesting consequences. For example,
in 15] it is shown that every endo nite object decomposes essentially uniquely into indecomposable objects with local endomorphism rings. Here, we shall study endo nite objects in terms of certain ideals in the full subcategory C 0 of compact objects in C. Viewing C 0 as a ring with several objects, we consider for every X in C the annihilator Ann X of X which is the ideal of maps in C 0 such that Hom( ; X such that 0 is a bre of 00 , the map belongs to I if 0 and 00 belong to I. We shall see that the cohomological ideals in C 0 are precisely the annihilator ideals of objects in C. In fact, for every cohomological ideal I there exists a canonical object E I such that I = Ann E I .
I is co nite if for every X in C 0 there exists n 2 N such that for every sequence of maps in C 0 Date: November 1998. 1991 Mathematics Subject Classi cation. 55P42, 55U35. 1 Theorem A. An object X in C is endo nite if and only if the annihilator of X is co nite. Moreover the maps X 7 ! Ann X and I 7 ! E I induce mutually inverse bijections between the set of isomorphism classes of indecomposable endo nite objects in C and Max C 0 .
Any endo nite object X has an essentially unique decomposition X =`i 2I X i into indecomposable endo nite objects, and the annihilator of X controls this decomposition. More precisely, an indecomposable object Y arises as a direct factor of an endo nite object X if and only if Ann X Ann Y . This is a particular consequence of the following result:
Theorem B. Let such that each X J is a non-empty coproduct of copies of E J . Moreover, Ann X Ann Y holds for any object Y if and only if Y is isomorphic to a direct factor of a (co)product of copies of X.
Let us now explain some special results for the stable homotopy category of spectra. A fairly immediate consequence of Theorem B is the fact that we can work one prime at a time.
Corollary. Let X be an endo nite spectrum. Then the p-localization map X ! X p is a split epimorphism for every prime ideal p in Z. If X tor denotes the bre of the rational localization X ! X (0) , then X = X (0) _X tor and X tor = W p (X tor ) p where p runs through all non-zero prime ideals in Z.
Having developed a general theory of endo nite spectra, one may ask for conditions on a CW-complex X such that its suspension spectrum is endo nite. It turns out that this happens if and only if all stable homotopy groups of X are nite length modules over the ring of stable self-maps of X, hence if the CW-complex X is endo nite. Here is a useful criterion:
Theorem C. Let X be a connected CW-complex such that the singular homology groups H n (X; Z) are nite for all n > 0. Then X is an endo nite CW-complex, and therefore its suspension spectrum is also endo nite. Important examples of CW-complexes with nite homology are the classifying spaces of nite groups.
Corollary. The classifying space BG of a nite group G is endo nite.
It is a well-known consequence of Carlsson's solution of the Segal conjecture 2] that BG splits stably into indecomposable spectra; see 9] for an alternative proof. We recover this result, and our ideal theoretic approach reduces the problem of nding such splittings to the category of nite spectra.
The concept of endo niteness has its origin in representation theory of nite dimensional algebras. Following Crawley-Boevey, a module X over some associative ring is endo nite if it has nite length when regarded as a module over its endomorphism ring End (X). Such modules have nice decomposition properties and they play a decisive role for the representation type of a nite dimensional algebra; see 3] for an excellent survey. Comparing the category of modules over some associative ring and the stable homotopy category of spectra, one nds that a number of results about endo nite objects carry over from one setting to the other. However, the additional triangulated structure of the stable homotopy category led to the discovery of some genuine new phenomena. In fact, there seems to be no analogue of Theorem A and Theorem B for the category of modules over a ring. This paper is organized as follows: In Section 1 we introduce cohomological and co nite ideals for arbitrary triangulated categories and study their basic properties. For a compactly generated triangulated category C, the restricted Yoneda functor C ?! Mod C 0 ; X 7 ! H X = Hom(?; X)j C 0 is an important tool which translates the triangulated structure of C into the abelian structure of the category Mod C 0 of C 0 -modules. A detailed treatment of this functor can be found in 14], but we recall in Section 2 the basic results and prove that any cohomological ideal I in C 0 is the annihilator of some canonical object E I in C. The correspondence between endo nite objects and co nite ideals is the main theme of Section 3 which contains the proofs of Theorem A and Theorem B. In the following two sections we apply the results from the previous ones to the stable homotopy category of spectra. In Section 4 we investigate p-localizations of endo nite spectra and introduce the endolength of a spectrum X which is a numerical invariant, i.e. a family (`n(X)) n2Z of numbers`n(X) 2 N f1g such that X is endo nite if and only if`n(X) is nite for all n 2 Z. The nal Section 5 is devoted to the criterion for a CW-complex to be endo nite which is formulated in Theorem C.
Cohomological ideals
In this section we introduce cohomological and co nite ideals for arbitrary triangulated categories and study their basic properties. We use the Yoneda functor which embeds a triangulated category into an abelian category. In order to give an internal characterization of co nite ideals in C we need another de nition.
De nition 1.8. Let I be a cohomological ideal in C. Proof of Proposition 1.9. Any object in A=S I is the quotient of H X for some X in C. Therefore A=S I is a length category if and only if`I(X) is nite for all X by Lemma 1.11. Now suppose that I is a co nite cohomological ideal in C and denote by Q: A ! A=S I the corresponding quotient functor. Then the assignment X 7 ! S X = fA 2 A j X does not occur as a composition factor of Q(A)g induces a bijection between the isomorphism classes of simple objects in A=S I and the maximal Serre subcategories S 6 = A of A containing S I . We include the following consequence for later reference. Lemma 1.12. Let I be a co nite cohomological ideal in C. The map X 7 ! I S X induces a bijection between the isomorphism classes of simple objects in A=S I and the maximal cohomological ideals J 6 = C in C containing I.
Proof. Apply the inclusion preserving bijection from Proposition 1.5 between Serre subcategories of A and cohomological ideals in C.
Annihilator ideals
Let C be a compactly generated triangulated category 17]. More precisely, C is a triangulated category and has arbitrary coproducts. An object X in C is called compact if for every family (Y i ) i2I in C the canonical map`i Hom(X; Y i ) ! Hom(X;`i Y i ) is an isomorphism. We denote by C 0 the full subcategory of compact objects in C and observe that C 0 is a triangulated subcategory of C. For C being compactly generated the isomorphism classes of objects in C 0 need to form a set, and Hom(C; X) = 0 for all C in C 0 implies X = 0 for every object X in C.
2.1. The restricted Yoneda functor. We denote by Mod C 0 the category of C 0 -modules, and our main tool for studying the category C is the restricted Yoneda functor C ?! Mod C 0 ; X 7 ! H X = Hom(?; X)j C 0 :
We need to recall the concept of purity for a compactly generated triangulated category Proof. See Corollary 1.9 and Lemma 1.7 in 14].
We denote by Sp C the set of isomorphism classes of indecomposable pure-injectives in C, and Spec C 0 denotes the set of isomorphism classes of indecomposable injectives in Mod C 0 .
2.2. The annihilator. We de ne the annihilator of an object in C as follows: De nition 2.2. The annihilator Ann X of an object X in C is the annihilator of the functor Hom(?; X)j C 0 .
Note that Ann X is a cohomological ideal in C 0 since Hom(?; X)j C 0 is a cohomological functor. Given a cohomological ideal I in C 0 , we denote by E I the product of all X in Sp C with I Ann X. The following result shows that the indecomposable pureinjectives in C control the cohomological ideals in C 0 . Theorem 2.3. Let I be a cohomological ideal in C 0 and X be an object in C.
(1) I = Ann E I .
(2) I Ann X if and only if there exists a pure monomorphism X ! Q I E I for some set I.
The theorem is a consequence of a result about the category of C 0 -modules which we take from 12].
Lemma 2.4. Let S be a Serre subcategory of mod C 0 and let E S be the product of all X 2 Spec C 0 with Hom(S; X) = 0. Also, let X be an object in Mod C 0 .
(1) If X 2 mod C 0 , then X 2 S if and only if Hom(X; E S ) = 0. Therefore the restricted Yoneda functor C ! Mod C 0 identi es E I with E S and induces a bijection Hom(X; E I ) ! Hom(H X ; E S ) for every X in C by Lemma 2.1. The assertion of the theorem now follows from these observations and the preceding lemma.
3. Endofiniteness Let C be a compactly generated triangulated category. The indecomposable endo nite objects can be described in terms of certain cohomological ideals. In order to state this result we denote by Max C 0 the set of maximal elements among the co nite cohomological ideals I 6 = C 0 in C 0 . Theorem 3.4. The assignments I 7 ! E I and X 7 ! Ann X induce mutually inverse bijections between Max C 0 and the set of isomorphism classes of indecomposable endo nite objects in C. Proof. Suppose that I is a co nite cohomological ideal in C 0 and let S = S I be the corresponding Serre subcategory of A = mod C 0 . Then A=S is a length category. We denote by T the localizing subcategory of Mod C 0 which is generated by S, i.e. T is the smallest Serre subcategory of Mod C 0 containing S which is closed under taking coproducts. The quotient category Mod C 0 =T is locally nite in the sense of 7, II.4] since the quotient functor Q: Mod C 0 ! Mod C 0 =T sends A to a full subcategory of Mod C 0 =T which is equivalent to A=S and generates Mod C 0 =T ; see 12, Theorem 2.6] for details. In fact, A=S is equivalent to the full subcategory of nite length objects in Mod C 0 =T . The quotient functor Q identi es the indecomposable injective objects X in Mod C 0 satisfying Hom(S; X) = 0 with the indecomposable injective objects in Mod C 0 =T 7, III.3] . Therefore the indecomposable pure-injective objects X in C satisfying I Ann X are identi ed via X 7 ! Q(H X ) with the indecomposable injective objects in Mod C 0 =T Now suppose that X 2 Sp C is endo nite and let I = Ann X which is co nite by Theorem 3.2. Let S be a simple object in A=S I which we view as a simple object in Mod C 0 =T . By construction, Hom(S; Q(H X )) 6 = 0 and therefore Q(H X ) is isomorphic to an injective envelope of S. It follows that S is the unique simple object in A=S I . Thus I is a maximal co nite cohomological ideal in C 0 ; in particular X = E I . This nishes the proof.
We discuss now a number of consequences of Theorem 3.2 and Theorem 3.4. The following lemma will be useful. It remains to show that X J 6 = 0 for every J 2 Max C 0 containing I. We apply the ideas from the proof of Theorem 3.4 and keep the same notation. We x J. The ideal J corresponds to a simple object S in A=S I by Lemma 1.12 which we view as a simple object in Mod C 0 =T . The injective envelope of S is Q(H E J ) which is isomorphic to a direct factor of Q(H X ) since Hom(S; Q(H X )) 6 = 0. It follows that E J is isomorphic to a direct factor of X since Hom(E J ; X) = Hom(Q(H E J ); Q(H X )). The uniqueness of the decomposition X =`i 2I X i implies that X i = E J for some i 2 I, and therefore X J 6 = 0.
This completes the proof. follows from Corollary 3.6 that every factor Y j is isomorphic to X i for some i 2 I since Y j = E J for some J 2 Max C 0 containing Ann Y and therefore containing Ann X. The family of split monomorphisms Y j ! X induces a split monomorphism Y !`J X and the composition with the canonical map`J X ! Q J X is again a split monomorphism since it is a pure monomorphism and Y is pure-injective by Proposition 3.3. We conclude that Y is isomorphic to a direct factor of a (co)product of copies of X. Corollary 3.8. An indecomposable object X is endo nite if and only if every product of copies of X is a coproduct of copies of X. Proof. Suppose rst that X is indecomposable and endo nite. Any product Q I X is again endo nite by Theorem 3.2, since Ann Q I X = Ann X by Lemma 3.5. The decomposition of Q I X as a coproduct of copies of X then follows directly from Corollary 3.6. Now suppose that X is any indecomposable object such that every product of copies of X is a coproduct of copies of X. We consider the corresponding C 0 -module M = H X , and it is clear that every product of copies of M is a coproduct of copies of M. It follows from 8, Th eor eme] that M is a pure-injective C 0 -module. In fact, M is injective since M is fp-injective by 14, Lemma 1.6] and therefore every monomorphism M ! N in Mod C 0 is a pure monomorphism, hence a split monomorphism. It follows from Lemma 2.1 that X is a pure-injective object in C. Viewing X as an exact functor F X : A op ! Ab for A = mod C 0 as in the proof of Theorem 3.2, it follows from the characterization of endo nite objects in 13, Corollary 10.5] that X is also an endo nite object in C. 4 . Endofinite spectra In the following we apply the results of the previous sections to the stable homotopy category C in the sense of 1]. The objects are CW-spectra, and the morphisms X ! Y between two spectra X and Y are denoted by fX; Y g. We identify each CW-complex with its suspension spectrum. The stable homotopy category is a triangulated category where the suspension X 7 ! X = X^S 1 acts as a translation functor. In particular, S n = n (S 0 ) is de ned for all n 2 Z, and for a spectrum X we denote by s n (X) the n-th stable homotopy group fS n ; Xg. Coproducts are given by one point unions called wedge, and arbitrary coproducts do exist in C. Recall that a spectrum X is nite if for some n 2 N the spectrum n X is the suspension spectrum of a nite CW-complex. Note that the nite spectra are precisely the compact objects in C. Therefore C is a compactly generated triangulated category since s n (X) = 0 for all n 2 Z implies X = 0.
These facts are well known, see for instance 16].
4.1. p-localization. We denote for every prime ideal p in Z by X ! X p the plocalization map for a spectrum X. The bre of the rational localization X ! X (0) is denoted by X tor . Theorem 4.1. Let X be an endo nite spectrum.
(1) The p-localization map X ! X p is a split epimorphism for every prime ideal p in Z.
(2) X = X tor _ X (0) . 4.2. The endolength. Let X be any spectrum. We denote for every n 2 Z by`n(X) the length of the stable homotopy group s n (X) as fX; Xg-module, and call (X) = (`n(X)) n2Z the endolength of X. The endolength leads to a nice characterisation of endo nite spectra: Proposition 4.2. A spectrum X is endo nite if and only if`n(X) is nite for all n 2 Z. Proof. Consider the full subcategory C X of spectra Y such that f n Y; Xg is of nite length over fX; Xg for all n 2 Z. This is easily seen to be closed under co brations and retracts, and therefore C X is a thick subcategory of C. On the other hand, C 0 is the smallest thick subcategory containing the sphere spectrum S 0 ; e.g. see 10, Theorem 2.1.3].
Consequently, if S 0 is an object of C X then C 0 is contained in C X . In particular, X is endo nite.
We continue with another interpretation of the length`n(X). Lemma 4.3. Let X be a pure-injective spectrum. Then`n(X) equals the length of H S n in Mod C 0 =T which is also the length of H S n in A=S; in particular`n(X) =`I(S n ).
The proof of this lemma is essentially an application of the following easy lemma: We are now in a position to compute the endolength of a spectrum X from a decomposition X = W i X i . We proceed in two steps. Proposition 4.5. Let X be a spectrum and I be a non-empty set. Suppose that 4.3. Subgroups of nite de nition. Let X be any spectrum. Given a nite spectrum F and an element 2 s n (F ) for some n 2 Z, we denote by s n; (X) the image of the induced map f ; Xg: fF; Xg ?! fS n ; Xg = s n (X): A subgroup of s n (X) which is of the form s n; (X) for some 2 s n (F ) is said to be of nite de nition. Note that any subgroup of nite de nition is automatically a fX; Xg-submodule of s n (X).
Lemma 4.8. Let 2 s n (F ) for some nite spectrum F.
(1) The subgroups of nite de nition form a lattice in s n (X) for every spectrum X. . Then s n; 1 (X) + s n; 2 (X) = s n; (X) where : S n ! F 1 _ F 2 has components i . Let : F 1 _ F 2 ! G be a co bre of , with components i , and set = 1 1 . The sequence fG; Xg ! fF 1 _ F 2 ; Xg ! fS n ; Xg is exact, and it follows that s n; 1 (X) \ s n; 2 (X) = s n; (X).
(2) Clear, since f ; ?g preserves wedges and products.
The endo niteness of a spectrum can be characterized in terms of the lattice of subgroups of nite de nition. For the sake of completeness we include the following characterization of the spectra having the descending chain condition on subgroups of nite de nition: Theorem 4.10. The following conditions are equivalent for a spectrum X:
(1) X is -pure-injective, i.e. (4) every product of copies of X is a wedge of indecomposable spectra with local endomorphism rings.
Proof. Adapt the argument for modules 11], using the restricted Yoneda functor C ! Mod C 0 . Remark 4.11. Concepts and results from this section carry over to any compactly generated triangulated category C if one replaces the sphere spectrum S with any set of compact objects which generates C. 5 . A criterion for endofiniteness In this section we give a criterion for the suspension spectrum of a CW-complex to be endo nite in terms of its singular homology groups. Following the de nition of an endo nite module 3], we say that a CW-complex is endo nite if the stable homotopy groups s n (X) are modules of nite length over fX; Xg for all n 2 Z. Theorem 5.1. Let X be a connected CW-complex such that the singular homology groups H n (X; Z) are nite for all n > 0. Then X is an endo nite CW-complex, and therefore its suspension spectrum is also endo nite.
Proof. We prove that a CW-complex X satisfying the above assumptions has nite stable homotopy groups, i.e. s n (X) is nite for all n 2 Z. Clearly, this implies that X is an endo nite CW-complex, and therefore the suspension spectrum of X is endo nite by Proposition 4.2. To prove the niteness of the stable homotopy groups, we apply the Atiyah-Hirzebruch-Whitehead spectral sequence for the (unreduced) homology theory h n (?) = s n (? + ). The subscript + means adding of a disjoint basepoint. The coe cient groups h n (pt:) are the stable homotopy groups of S 0 and are known to be trivial for n < 0, isomorphic to Z for n = 0, and nite for n > 0. Therefore, the E 2 -term of the spectral sequence, E 2 p;q = H p (X; h q (pt:)), has non-trivial values only for p; q 0 and these are nite with the only exception E 2 0;0 = Z. This form is preserved for all E k -terms, k 2.
The spectral sequence converges to h (X). This means that h n (X) is the limit of groups F 0;n F 1;n?1 : : : which are inductively calculated from F 0;n = E 1 0;n and the extension problem 0 ! F p?1;n?p+1 ! F p;n?p ! E 1 p;n?p ! 0. From this inductive construction it follows easily that F p;n?p = 0 for n < 0 and h n (X) = F n;0 is nite for n > 0. For the respective reduced homology theoryh n (?) = s n (?) we get 
